Abstract. We study the abstract structure of the automorphism group of the ternary self-dual code of length 8 and give its convenient presentation by generators.
Introduction
An [n, k] linear code C over the finite field F 3 is a k-dimensional subspace of F ⊥ , then C is called self-orthogonal, and if C = C ⊥ , then we call it selfdual. Self-dual codes over F 3 exist only for lengths a multiple of 4 and have codewords of Hamming weight a multiple of 3. Self-dual codes with the largest minimum weight of given length are called optimal. Extremal self-dual codes have minimum distance 3[n/12] + 3 ( [3] ). The largest possible minimum weight of the self-dual codes of lengths n = 4 and 8 is 3.
When we consider code classification, a notion of equivalence is necessary. An n × n matrix with coefficients in F 3 is called monomial if there is exactly one nonzero entry in each row and column. Such a matrix is invertible since all nonzero elements of F 3 are invertible. If all nonzero entries of the monomial are 1, then it is said to be a permutation matrix. Any monomial matrix can be uniquely written as the product of a permutation matrix and diagonal matrix. A monomial matrix M acts on the elements x ∈ F n 3 as M · x = xM . Two codes C 1 and C 2 are permutation equivalent if there exists a permutation matrix P such that C 1 = C 2 P . More generally, if there is a monomial matrix M such that C 1 = C 2 M , the codes C 1 and C 2 are equivalent. The automorphism group of a ternary code C is the set of all monomial matrices M such that C = CM . Characteristics for ternary self-dual codes were given in [2, 5] .
Classification of self-dual codes over a ring requires not only the size of automorphism groups of codes over a field as well as properties of their subgroups and their relationshilp. Recently, the automorphism group of the ternary tetracode is presented in detail by the author in [4] . In this present paper, we extend the automorphism group in the case of the extremal self-dual code of length 8 over F 3 .
Preliminaries
The classification of self-dual codes relies on the knowledge of the so-called counting formula for self-dual codes, and the size of automorphism groups. The following counting formula for ternary codes of length n is well-known in [5] .
Lemma 2.1 ([5]
). There exists a ternary self-dual code of length n if and only if n is divisible by 4. In this case, the number of self-dual code of length n is given by
Suppose that C 1 ,C 2 ,. . . ,C m are all inequivalent ternary self-dual codes of length n. Then
The tetracode is a ternary code T with generator matrix 1 0 1 1 0 1 1 2 .
Any self-dual code of length 4 is equivalent to T . From (1), Aut(T ) has order 48. 
This lemma is used to identify all elements of Aut(T ). We can see them on the Table 1 in [4] .
These generate the unique normal subgroup of Aut(T ), and i, j, c, and d give a presentation of Aut(T ) [4] . 
Let G be a group and A be a subgroup of G. The normalizer of A in G is denoted by N G (A). In [4] , we see three Sylow 2-subgroups of order 16
and four Sylow 3-subgroups of order 3 and let us define G = Aut(C). Then this is a unique self-dual code of length 8 up to equivalence. From (1), we know that
In this case, the order of G is 4608. We define the maps
, where I 4 is the 4 × 4 identity matrix and 0 is the 4 × 4 zero matrix. Obviously, φ 1 (Aut(T )) and φ 2 (Aut(T )) are subgroups of G. For any subgroup A of G, the centralizer of Proof. Suppose XY is a subgroup of Z. Then for any x ∈ X, y ∈ Y ,
Since the order of XY is equal to the number of elements of Y X, we have XY = Y X. For the other direction, now suppose XY = Y X. For any z, z ′ ∈ Y X, z = x 1 y 1 and z ′ = x 2 y 2 for some x 1 , x 2 ∈ X and y 1 , y 2 ∈ Y .
From the hypothesis, y −1 1 x 3 = x 4 y 3 for some x 4 ∈ X, y 3 ∈ Y , and so y
Since Y is a group, y 3 y 2 ∈ Y . Let y 4 = y 3 y 2 . Then we have
Therefore XY is a subgroup of Z.
The following theorem shows the abstract structure of G. Theorem 2.5. The automorphism group of C can be expressed by the product of G 1 , G 2 , and G 3 , where
, and by the result of Lemma 2.4, we know that G 1 G 2 G 3 is a subgroup of G. Each order of G 1 and G 2 is 48, and
The group G 1 G 2 is isomorphic to Aut(T ) × Aut(T ). Lemma 2.2 gives the following corollary. This corollary identifies all elements of G. Corollary 2.6. The automorphism group of C is generated by φ 1 (b), φ 1 (c), and γ.
Proof. From Lemma 2.2 and Theorem 2.5,
Therefore, φ 1 (b), φ 1 (c), and γ generate G.
From Lemma 2.3 we can obtain the following corollary.
Corollary 2.7. The automorphism group of C can be presented by:
We compute the conjugacy classes of G. First we consider the conjugacy classes of elements of
This shows that the conjugacy classes of elements of
The following proposition gives the property which the conjugacy classes of elements of G 1 G 2 have.
Proposition 2.10. For σ 1 , σ 2 ∈ Aut(T ), φ 1 (σ 1 )φ 2 (σ 2 ) and φ 1 (σ 2 )φ 2 (σ 1 ) are affiliated to same conjugacy class.
Proof. From Proposition 2.8, we have
The following theorem presents the conjugacy classes of elements of G 1 G 2 clearly. We can see conjugacy classes of Aut(T ) in [ Table 2 , [4] ].
Theorem 2.11. For σ i , σ j ∈ Aut(T ), the conjugacy class of φ 1 (σ i
and rl(aγ)
Therefore, the union of φ 1 (Ci)φ 2 (Cj) and φ 1 (Cj)φ 2 (Ci) contains the conjugacy class of φ 1 (σ i )φ 2 (σ j ). On the other hand, since the conjugacy class of φ 1 (σ i )φ 2 (σ j ) contains φ 1 (Ci)φ 2 (Cj), the conjugacy class of φ 1 (σ i )φ 2 (σ j ) includes φ 1 (Cj)φ 2 (Ci) from Proposition 2.10. We get the desired result: the conjugacy class of φ 1 (σ i )φ 2 (σ j ) is equal to the union of φ 1 (Ci)φ 2 (Cj) and φ 1 (Cj)φ 2 (Ci).
We consider the conjugacy class of aγ where a is any element of G 1 G 2 .
Theorem 2.12. The conjugacy class of γ is the set
Proof. Let aγ be any element of G with a ∈ G 1 G 2 . Then one has (aγ)γ(aγ)
For any x, y ∈ Aut(T ), Since all elements of Aut(T ) can be presented as the form of xy −1 , this proof is complete.
From this, we know that the length of the conjugacy class of γ is 48. Proposition 2.13. Letγ = y −1 γy where y is any element of G. Then the conjugates of aγ are equal to the conjugates of y −1 ayγ.
Proof. For any x ∈ G,
This proves that the conjugates of aγ and y −1 ayγ are the same.
Proposition 2.14. The conjugacy class of aγ is contained in the set C a C γ where C a is the conjugacy class of a and C γ is the conjugacy class of γ.
Proof. Let C aγ be the conjugacy class of aγ. Then any element g of C aγ is representative as b(aγ)b −1 for some b ∈ G.
Consequently, g ∈ C a C γ since bab −1 ∈ C a and bγb −1 ∈ C γ .
These two propositions characterize conditions the conjugacy classes of elements which have γ as the factor should satisfy.
If h is an element in C a C γ , then there are some b and
Proof. By the property of identity and the association law, one has
Let us consider the conjugacy classes of special elements of G.
Theorem 2.16. The conjugacy class of φ 1 (σ)φ 2 (I 4 )γ is equal to C σ C γ , where C σ is the conjugacy class of φ 1 (σ)φ 2 (I 4 ) and C γ is the conjugacy class of γ.
Proof. From Proposition 2.14 the conjugacy class of 
= φ 2 (σ)φ 1 (I)γ, and φ 2 (σ)φ 1 (I) = φ 1 (I)φ 2 (σ), from Proposition 2.10, a is contained in the conjugacy class of φ 1 (σ)φ 2 (I)γ. Therefore the conjugacy class of φ 1 (σ)φ 2 (I 4 )γ and C σ C γ are the same.
If we apply the same argument in Theorem 2.16, the following corollarly is true.
Corollary 2.17. The conjugacy class of φ 1 (σ)φ 2 (−I 4 )γ is equal to C σ C γ , where C σ is the conjugacy class of φ 1 (σ)φ 2 (−I 4 ) and C γ is the conjugacy class of γ.
The following proposition gives the number of elements of conjugacy class of φ 1 (σ)φ 2 (I 4 )γ.
Proposition 2.18. The number of elements of C σ C γ is equal to
where C σ is the conjugacy class of φ 1 (σ)φ 2 (I 4 ) and C γ is the conjugacy class of γ.
Proof. For any
We can choose σ ′′ 0 0 I4 ∈ C σ and y ∈ Aut(T ) such that
Hence we obtain the products of the form of
by the products of the form of
Then we should have x = y and σ 1 = σ 2 . Therefore we get the desired result
We can compute the number of elements of conjugacy class of φ 1 (σ)φ 2 (−I 4 )γ using the same argument in Proposition 2.18. Corollary 2.19. The number of elements of C σ C γ is equal to
where C σ is the conjugacy class of φ 1 (σ)φ 2 (−I 4 ) and C γ is the conjugacy class of γ.
Proof. For any −I4 0 0 σ ′ ∈ C σ and x ∈ Aut(T ), we have
We can choose σ ′′ 0 0 −I4 ∈ C σ and y ∈ Aut(T ) such that
0 .
This completes the statement.
Let us show the result in Table 1 , where C i is in [ Table 2 , [4] ]. From this Table 1 , we obtain the class equation for G: Proof. Let S be a Sylow 2-subgroup of G. It is obvious that the order of S is 512. Since 512 does not divide the order of G 1 G 2 , S can not be the form of XY for some X ≤ G 1 , Y ≤ G 2 . Now, we consider the normalizer of φ 1 (P i )φ 2 (P j ) for i, j = 1, 2, 3, where P 1 , P 2 , and P 3 are Sylow 2-subgroups of Aut(T ) in [4] . Since |φ 1 (P i )φ 2 (P j )| is 256, its normalizer must contain some Sylow 2-subgroup from the first Sylow theorem in [3] . Since P 1 , P 2 and P 3 are distinct Sylow 2-subgroups of Aut(T ) and |Aut(T )| = 48, one should have N Aut(T ) (P i ) = P i for i = 1, 2, 3. Therefore, φ 1 (P i )φ 2 (P j ) is not a normal subgroup of G 1 G 2 , and hence its normalizer does't have an element of order 3. Consequently, the normalizer of φ 1 (P i )φ 2 (P j ) has order 512 from the first Sylow theorem in [3] .
Since N Aut(T ) (P i ) is not equal to N Aut(T ) (P j ) where i and j are distinct, we obtain distinct 9 subgroups of order 512. They are Sylow 2-subgroups of G. Let N 2 be the number of Sylow 2-subgroups of G. By Sylow theorems, we should have N 2 ≡ 1(mod 2) and N 2 | 9. However, the possible numbers for N 2 are 1, 3, or 9 and we already show there exist only 9 Sylow 2-subgroups. Hence G has only 9 Sylow 2-subgroups.
Each element of G can be written uniquely as a product g 1 g 2 g 3 for some g 1 ∈ G 1 , g 2 ∈ G 2 , and g 3 ∈ G 3 . The fact that the order of g 1 g 2 g 3 divides 9 implies g 3 = I 8 . Hence φ 1 (Q i )φ 2 (Q j ) are Sylow 3-subgroups of G for i = 1, 2, 3, 4 and j = 1, 2, 3, 4, where Q 1 , Q 2 , Q 3 , and Q 4 in [4] . Since there is no element of G 1 G 2 whose its order is 9, only these 16 subgroups are Sylow 3-subgroups. We define i and j of φ 1 (i)φ 2 (j) as j in [ Table 1 , [4] ].
